We prove that a series derived using Euler's transformation provides the analytic continuation of ((s) for all complex s ^ 1 . At negative integers the series becomes a finite sum whose value is given by an explicit formula for Bernoulli numbers.
Introduction
Euler computed the values of the zeta function at the negative integers using both Abel summation (75 years before Abel) and the Euler- We observe in §4 that this last method in fact yields Z(-n) = (-l)nBn+x/(n + l) forall«>0, but we require an explicit formula for Bernoulli numbers that was discovered a century after Euler. In §3 we justify the method by proving that a series used in §4 gives the analytic continuation of C(s) for all 5 ^ 1 . Similar results for approximations to Euler's transformation are obtained in §5, as well as an evaluation of C'(0)/C(0) = log2?t.
In a paper in preparation, the author will apply the method to other zeta functions and to Dirichlet L-series. Multiplying this by \/2k and adding 2^0"' A7l~'s/2-'+1 produces the series in (4), which, since k is arbitrary, therefore converges absolutely and uniformly on compact sets to an entire function. Since the series in (3) has zeros at the (simple) poles of (1 -21-5)-1 except at s = 1 (for a direct proof see [12] ), the theorem follows.
Evaluation of ((-m)
Let m be a positive integer or 0. Note that (-m)j■■ = 0 and, hence, AJlm = 0 for j > m. Thus when s = -m the series in (5) becomes a finite sum. Its value is given by a formula for Bernoulli numbers that Carlitz [2] attributes to Worpitzky [15] (see also [3] ), namely, the second equality in the following.
Corollary. For m = 0, 1,2,...,
Alternatively, one can view C(-m) = (-l)mBm+x/(m + 1) as known, which gives a proof of Worpitzky's formula (compare [6] ).
Approximations to Euler's transformation
Note that (1), (3), and (6) imply (without using (2) ) that for k > 1 the product 
